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AN EQUILIBRIUM MODEL FOR PLATE BENDING*

B. FRAEIJS DE VEUBEKE and G. SANDER

Laboratory of Aerospace Engineering, University of Liege, Belgium

Abstract-A conforming displacement model for plate bending was presented earlier [5]. It is of interest to have
also an equilibrium model available in order to generate both upper and lower bounds to plate deflections. The
theory of the triangular equilibrium model, which is presented here, i.s a revised version of that of (3], taking
advantage of oblique co-ordinates. It is also extended to cover transverse loading modes. Because the numerical
investigations required adaptability of the model to a stiffness computer-program, only the elaboration of the
stiffness matrix was aimed at, following the general procedure set up in [2). The element can nevertheless be
recognized as the Southwell analogue (4) of the plane stress model with quadratic displacement field described in
[2}. As such it could also be handled efficiently by a force program.

Numerical results show the expected monotoni.c convergence of deflections from above for the equilibrium
model and from below for the conforming model. The convergence rate, in terms of total number of generalized
coordinates, is compared with that of other plate bending elements.

1. PLATE EQUATIONS IN OBLIQUE CO-ORDINATES

THE (x, y) axes of Fig. 1 are taken to lie in the middle plane of the unstrained plate; the

middle surface deflections w(x, y) are taken positive upwards in the direction of Oz axis.

x

FIG. I Stresses and moments in oblique co-ordinates.

Bending and twisting moments are oriented by the right-hand screw convention and

correspond to oblique stress components positive in the upper layers. Shear loads are

*This research has been sponsored by the Air Force Flight Dynamics Laboratory under contract AF 61(052)­
892 through the European Office of Aerospace Research (EOAR), United States Air Force.
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positively oriented as the transverse shear stresses. We define covariant slopes of the middle
surface by the formulas

¢=
ow
ox -w ,x

ow
--=oy -w,y (1)

and verify that they are the orthogonal projections of the local rotation vector ro, lying in
the middle plane, on the directions k x i and k x j respectively conjugate to i and j . (i, j, k)
are unit vectors along the axes Ox, Oy and Oz respectively. Hence the conjugate direction to
i is obtained by turning it of 90° about Oz in the positive (right-hand screw) sense. The same
for the direction conjugate to j (Fig. 2).

---.!....-----x

f
------::::" /'/'/'

~ /'
/' ­

/'

"
"/'

""'b hi

y

FIG. 2. Definition of covariant slopes in oblique co-ordinates.

It is sufficient to carry out the proof for the roo vector at the origin. In the neighborhood
of the origin the rigid body displacement field is

W=roXf

where

f = xi+ yj

Hence

w = (roxi)x+(roxj)y

= -(i x ro)x-(j x ro)y.

In projection on the Oz axis

w = - x(i x ro). k - yO x ro). k

and by definition (1)

¢ = (ixro).k = (kxi).ro

l/J = (j x ro) . k = (k x j) . roo
(2)

This property of covariant slopes is convenient because the bending and twisting moments
are precisely oriented along the conjugate directions so that the virtual work of moments
has a natural association with the covariant components of rotation. For the elementary
parallelogram ofedges dx and dy the virtual work performed by moments in slope increases



04> and 0'" is

An equilibrium model for plate bending 449

(4)

a a
ax(Mx o4>+Mxy 0"') dx dy+ ay(Mxy o4>+My0"') dx dy.

The transverse shear loads Qx and Qy contribute

: (QxOw)dxdY+~(QyOw)dxdY
uX ay

and the external transverse load distribution q(x, y)

q Ow sin IX dx dy .

The total virtual work is stored as an increase in strain energy oW sin rx dx dy, where W
denotes the strain energy per unit area. Hence, after simplification by the common factor
dx dy and substitution of (1)

sin IX oW = - a:(Mx~OW+Mxy:yOW) - :y( M xy : x OW+My~OW)

a a
+ax(QxOw)+a/QyOw)+qsinrxow. (3)

The equilibrium equations are now obtained by stating that there is no increase in strain
energy when the additional deflection field is of rigid body type. Thus if ow = constant

aQx aQy .
-+-+qSlnrx = O.
ox oy

If ow = x x constant

(5)

(6)

If Ow = y x constant

_ aM x}'_ aMy Q = 0
ox ay + y •

Those equilibrium equations are formally identical with those in cartesian coordinates,
only the factor sin rx in (4) betrays the obliquity of the axes. The general statement (3) can
now be simplified by taking the equilibrium equations into account:

(7)

It shows that the strain energy per unit area is a function of the elements (w. xx ' w.xy , w,yy)
of the curvature tensor such that

M
. oW= -StnIX-­

x aw.xx

aw
2Mxy = -sin IX

. aw
My = -Stnrx--.

aW,yy
(8)

The complementary energy per unit area is defined, as is usual, by the Legendre trans­
formation

cW aw oW
<I> = w xx-",-+w Xy-",-+w VV-;l-- W

• vW.xx ' vW.xy •.. u\tv,yJ.'
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where the right hand side is to be expressed in terms of the conjugate variables M x, M xy
and My. Differentiating totally

I
lD = --.-(Mxw xx +2Mxyw Xy+M"w yy)- W

SIn rx' " ,

and taking (7) into account

1
blD = --.-(wxxbMx+2WxybMx,,+WyybMy).

SIn rx ' '"

(9)

So that the dual energy relations are

. olD . alD . alD
w,xx = -sInrx "'M 2w,xy = -smrx-- W,yy = -sInrx-~. (10)

u x aMxy aMy

We know(l) that, for an isotropic plate of bending rigidity D, the strain energy density is

D 1 ZW = -.-z-{zB1 -(I-vWz)
sm rx

1
81 = -.-(wxx+wyy-2cosrxwxy)

smrx" ,

This gives by (8) the following curvature-moment relations

sin 3rxMx = -D[w,xx-2cosrxw,Xy+(coszrx+vsinzrx)w.yy]

sin 3rx M xy = -D[ -cos rx(w,xx+w,yy)+(l +coszrx-v sinzrx)w,XY]

sin 3rx My = - D[w,yy - 2 cos rxw,xy + (coszrx + v sinzrx)w,xx]'

From this we find that

J 1 = M x+My+2 cos rxMxy = -D(l + v)81

D2

J z = MxMy-M;y = -'-z-(v8r+(1-v)Z8z)'
sm rx

(11)

(12)

(13)

Solving for 81 and 8z and replacing into (11) which then becomes the complementary energy
density

1 [ 1 z JlD= .zJ1 -JZ '
D(1- v) 2(1 + v) sm rx

The dual energy relations obtained from (10) are then

z 1 .
D(I-v )w,xx = --.-(Mx+My+2cosrxMxy)+(1+v)smrxMy

smrx

(14)

cos rx .
D(I-vZ)w,XY = --.-(Mx+My+2 cos aMxy)-(1 +v)sm rxMxy (15)

smrx

D(1- VZ)w. yy = _-._I_(Mx+My+2 cos rxMxy)+(1 + v) sin rxMx.
smrx
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2. BENDING AND TWISTING MOMENTS AND KIRCHHOFF LOADS
FOR ARBITRARY BOUNDARY ORIENTATION

451

The analysis of an arbitrary triangular element is conveniently carried out by making
two of the edges coincident with the oblique reference axes (Fig. 3). The third edge is located

FIG. 3. Moments and shear load along slanting edge. Shear loads Qx and Qy are taken positive downwards,
Q. upwards.

by its intercepts a and b; its length c is related to the lengths of the outer edges by the
elementary formula

c2 = a2 +b2
- 2ab cos a.

Other lengths which are convenient to introduce to simplify formulas are the two parts in
which the third edge is cut by the perpendicular from 0:

a(a - b cos a)
u=----~

c

b(b - a cos a)
v=

c
u+v = c. (16)

In calculating the shear load Qn, bending moment M n and twisting moment M ns corre­
sponding to a facet of normal n in terms of Qx, Qy, M x' M xy and My at the same point, the
lengths (a, b, c) are first considered as infinitesimals.

Then, since the contribution of the transverse load q is an infinitesimal of higher order,
vertical equilibrium requires

(17)

Again, in rotational equilibrium, the couples due to shear loads can be neglected as infinitesi­
mals of higher order. Then, by considering equilibrium about an axis perpendicular to Ox

Mnb sin a-Mns(a-bcos a) = bMx+(a+bcos a)Mxy+a cos aMy

and for equilibrium about Ox

Mn(a-b cos a)+Mnsb sin a = b sin aMxy+a sin aMy.
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These relations solved for M nand M ns can be written

(18)

M ns = -~[~Mx+~Mxy] +~[~My+~MxyJ. (19)

Formulas (17), (18) and (19) can now be applied to the third edge of the finite element,
provided (Qx' Qy, M x, M xy , My) are known along this edge. In particular, considering the
virtual work equation

J2( c) 2 fZ ( C )
1 QnbW-MnscsbW ds=-[Mns bw]l+ 1 Qn+csMns bwds

it can be concluded that the shear stresses along this edge are statically equivalent to the
Kirchhoff transverse load

(20)

and concentrated end loads (all defined positive upwards)

R 1Z =Mns in1

R Zl = - M ns in 2.

Noting that along 12

c
as

a c b a
---+--.

c ax c cy

(21 )

Substitution of (17) and (19) into (20) produces, after some transformations by the equili­
brium equations (5) and (6)

b a [v c u aJ[b
2

a b a
Z

]K = 2-Q +2-Q - --+-- -M +2--M +-.M
12 C x C y b ax a cy cZ x C C xy cZ y

while

R 1Z = -~[~Mx(a, O)+~Mxia, O)J+ ~[~Mia, O)+~Mxy(a, 0)]

R Z1 = +~[~MAO, b)+~Mxy(O, b)J -~[~My(O, b)+~Mxy(O, b)J.
If we let b tend to zero (a ~ c, u ~ a, v/b ~ - cos a) the formulas specialize to

Mn = sin aMy

M ns = - Mxy - cos aMy.
(y = 0)

(22)

(23)

In this limiting process the material comes to lie on the wrong side of the edge y = 0 of
the finite element. For the material on the correct side, the analytical expressions remain
invariant provided the positive orientations of M n and M ns are reversed, as indicated on
Fig. 4. However, in the case of the transverse loads we change signs in the limiting formulas
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n

FIG. 4. Choice of positive orientations for interconnection (+ element).
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in order to keep their definition as positive upwards. We then obtain along the edge y = °
of the finite element

a a
K Ol = -2Qy-COsrJ.axMy+ayMy

RIO = Mxia, O)+cos rJ.My(a, 0)

R Ol = -Mxio, O)-cos rJ.My(O,O).

(y = 0) (24)

Similarly, by letting a tend to zero (b -> c, v -> b, u/a -> -cos rJ.) we find for the edge x = °
M n = sinrJ.Mx

M ns = cos rJ.Mx + Mxy

and the positive upwards transverse loads

a a
K 20 = -2Qx-cOSrJ.ayMx+axMx

R 20 = cos rJ.Mx(O, b)+MxiO, b)

R 02 = -cosrJ.MxCO,O)-MxiO,O).

(x = 0)

(x = 0)

(25)

(26)

(27)

Combination of the concentrated loads at the corners produces the final corner loads

v bu [ av]PI = R 12 +R IO = 2-Mxia, O)--Mx(a, 0)+ cos rJ.+-
b

My(a, O)
c ac c

u av [ bU]P2 = R 21 +R20 = 2-Mxi O, b)--bMiO, b)+ cos rJ.+- Mx(O, b).
c c ac

(28)
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3. THE LINEAR FIELD EQUILIBRIUM MODEL

According to the general procedure for building up an equilibrium model [2], we start
with an assumption concerning the stress field. It turns out that, if a nine parameter linear
bending-twisting moments lleld is adopted:

(29)

x Y
My = f37+f3S-;;+ f39 b

the number of generalized loads required at the boundaries is exactly twelve. These loads
are connected by three overall equilibrium conditions reducing their degree ofindependence
to nine so that the model will be free of any spurious kinematical freedoms. The same con­
clusion is found directly ifit is recognized that this plate equilibrium model is the Southwell
analogue [3] of the quadratic displacement field triangular displacement model of [2]. From
(29), using equilibrium equations (5) and (6)

(30)

Equilibrium equation (4) shows then that the element will not accept a distributed trans­
verse load q.

Methods for dealing with distributed transverse loads will be presented in a further
section of the paper. The model will presently be restricted to accept only such external
loads that conform with the interface distributions of stresses. Equations (29) and (30) can
now be substituted into (18), (21), (22), (24), (25), (27) and (28) to obtain the edge load
distributions in terms of the stress parameters f3i'

For dimensional homogeneity all generalized loads will be defined as forces. The first
three generalized loads will be the corner loads PI' P2 and P3 , their associated generalized
displacements are obviously the local plate deflections WI' W2 and W3 at the corners. The
next three generalized loads will be taken to be the total transverse forces due respectively
to KOI ' K 12 and K 20 . Noting that those Kirchhoff-type line loads are uniform we shall have

POI = aKOI P12 = CK 12 P20 = bK20 (31)

and, by virtual work considerations, their associated generalized displacements are the
simple averages of plate deflections along the edges:

1Jl
W Ol = - wdx

a 0

1 f2
Wl2 = - W ds

C I

1J2
W 20 = b 0 wdy. (32)

The last six generalized loads are due to the normal bending moments along the edges.
They each have linear variations and are defined by two generalized quantities.

For instance along the edge 01 (y = 0)

M n = sin a[f37 +~f3sJ
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This distribution is determined by the local values

MOl = Mn(O,O) = sin exf37

M 10 = Mn(a,O) = sin ex(f37 + 138)

455

(33)

(34)

which are taken to be generalized loads. In terms of those

M n = MOl[I-~J+MI0~'
The corresponding virtual work equation

s: Mn4>dx = M OI 4>01+ M I04>10 [4> = -~:J
gives, after substitution of (34) and identification, the associated generalized displacements

In a similar fashion we define

M 02 = 131sin ex

Along the edge 12 we set

I
I X X

4>10 = a 4>-d-.
o a a

(35)

(36)

(37)

so that, from (18)

x
-=(
a .

y
- = 1-(b . 0« < 1

(38)

(39)

4>12 = cf 4>(1-0d( (40)

The result ofexpressing all generalized loads in terms of the stress parameters is summarized
in the loads connection matrix C of Table 1, where

g = Cb

g' = (POPIP2POIP12P20MoIM 10M 12M 21 M 20M 02)

b' = (f31f32f33f34f3Sf36f37f38f39)'

The flexibility matrix F of the element results from

ff 4> sin ex dx dy = tf3'Ff3

(41)
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where the complementary energy density (14) is expressed through the invariants (13) in
terms of the stress parameters.

TABLE 1. THE LOAD CONNECTION MATRIX C

PI P2 P3 P4 Ps P6 P7 Ps P9

Po -cosa 0 0 -2 0 0 -cosa 0 0

bu bu u u au au
PI 0 2- 2- 0 cosa+- cosa+- 0

ae ae c e be be

bu bu u u au av
P2 cos a+- 0 cosa+- 2- 0 2-- 0

ae ae c c be be

a
POI 0 0 0 0 -2 0 0 -COsa

b

~(2-~)
bu u u au

~(2-~)PI2 0 0 2- 2- 0
ac c c be

b
0P20 0 -cosa 0 0 -2 0 0

a

MOl 0 0 0 0 0 0 sin a 0 0

M IO 0 0 0 0 0 0 sma sina 0

b2 b2 2ab 2ab a2 a'M I2 '2 sin a 0 '2 sin a zsina 0 -2 sina '2 sin a 0 '2 sin a
e e c e c e

b2 b2 2ab 2ab a2 a2

M 21 '2 sina '2 sin a 0 zsina sin a 0 -- sin a -- sin:x 0
e e e e2 e2

M 20 sin a 0 sin:x 0 0 0 0 0 0

M 02 sin a 0 0 0 0 0 0 0 0

TABLE 2. THE FLEXIBILITY MATRIX OF AN ISOTROPIC ELEMENT

ab
F =------.- G(a. v)

12(1- 1,2)D sm a

G(a, v) is expressed below in terms of the auxiliary quantities

i. = l+cos2a+vsin 2a

/1 = cos2a - v sin 2:x

6

2

2 0·5 Symmetrical

12 cos a 4 cos a 4 cos a 12;,

4 cos a 2 cos a cosa 4A 2A

4cosa cos a 2cos:x 4,1 A 2;(

6/1 2/1 2j1 12cosa 4cosa 4 cos a 6

2/1 /1 0'5/1 4 cos a 2 cos a cos a 2

2/1 0·5/1 /1 4 cos a cos a 2 cos a 2 0·5
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This flexibility matrix is presented in Table 2. It is to be inverted numerically to produce
[2J the stiffness matrix K of the equilibrium model

g = Kq

4. ASSEMBLED STIFFNESS MATRICES

Some minor modifications to the direct stiffness method are required for assembling
the individual stiffness matrices. All transverse loads and deflections are referred to a
common positive upwards direction. Hence in the localizing matrix L k of element (k)

q(k) = Lkq

the first six rows are void except for a single unit in each. identifying a vertical displacement
in the element with a nodal displacement of the structure.

However, bending moments and slopes at an interface have natural reference to
reciprocal directions. This follows from the natural anticlockwise sense of definition of the
bending moment orientations around each element (see Fig. 4), or, alternatively, from the
outward normal definitions of the conjugate slopes along the edges. As a consequence, in
the six last rows of a localizing matrix, the units identifying a <Pij(k) slope of element (k)
with a nodal slope of the structure, will have to be affected by a sign. The sign will be positive
if the nodal slope has same positive orientation, negative otherwise.

In some cases the mesh of elements and positive orientation of nodal slopes can be so
devised that, for a given element, all positive slopes are codirectional with the nodal slopes
(+ element) or antidirectional (- element). A case in point is represented in Fig. 5. The
adjacent of a + element must then be a - element and this is obviously possible if the
number of elements meeting at an interior point remains even.

FIG. 5. A typical mesh of + type and - type elements.

The nature of the external generalized loads that the structure can accept as an equili-
brium model is also clear:

at each vertex a concentrated load can be associated with the local nodal deflection:
along each interface segment, or boundary segment, a uniform transverse line load can
be applied; its resultant is associated with the average deflection of the segment;
each interface segment, or boundary segment, can be the axis of an applied couple of
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linearly varying intensity; the intensities at each end are the generalized external loads
associated with the generalized slopes.
It should be noted that, just as the end intensities of the distributed couples have the

physical dimensions of a force, the generalized slopes defined by (35, 36 or 40) have really
the physical dimensions of a deflection.

5. TRANSVERSE SURFACE LOADS

From the viewpoint of equilibrium models the only correct way to introduce transverse
surface loads is by increasing the number of generalized co-ordinates. Taking the simplest
case, where the model is required to accept a uniform surface load q, let

p = tqab sin tY. (42)

the total load, be the additional generalized co-ordinate. The associated generalized dis­
placement, obtained from virtual work consideration, is the ordinary average of deflection
over the plate area

(43)

A particular field of bending and twisting moments and shear loads, satisfying the equili­
brium equations (4), (5) and (6) under the uniform load is

Mx = ~P~[l-~J~
1 xy

M xy = -3Pab

M= ~P~[l-~J~
y 3 a b b

Q =L[1-3~J
x 3b a

Q =L[1-3~J.
y 3a b

(44)

(45)

It was derived from a general quadratic field in the bending and twisting moments by
requiring

(a) that the moments vanish along the three edges of the element

M x = M xy = 0

M xy = My = 0

for x = 0

for y = 0

x y
for -+- = 1

a b
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(b) that the shear loads be constant along the edges

Qx independent of y for x = 0

459

Qv independent of x for y = 0

x y
bQx+aQv constant for -+-b = 1.. a

The requirements are certainly sufficient to prevent the necessity of introducing new
generalized interface loads. In fact the new external load p is simply reacted at the interfaces
by three uniform Kirchhoff shear loads

K x
P (-Qx for x = 0)

3b

K =
p

( - Qy for y = 0)y
3a

K =
p (b a x y )-Qx+-Q for -+- = 1 .n 3c c c y a b

The generalized reaction loads are, consequently

POl P12 = P20 = -!p (46)

The requirements (a) and (b) can in fact be regarded as necessary. For, if one allows the
particular solution in equilibrium with a transverse pressure q(x, y) to be reacted by a
complete system of the (previously defined) generalized loads, superposition with a general
field of type (29) can always implement the nine conditions (47) [equivalent to requirement
(a)] by adjustment of the nine /3; parameters.

If p is now considered to be the tenth stress parameter

(48)

equations (46) and (47) are incorporated in an augmented load connection matrix by
bordering the C matrix of Table 1 with a tenth column, hereafter written in transpose

(0 0 0 -t -! 0 0 0 0 0 0).

Since p also becomes the thirteenth generalized load, C is further extended by a thirteenth
border row

(0 0 0 0 0 0 0 0 0 1)

expressing equation (48).
The flexibility matrix is also augmented and follows from computation of the strain

energy as a quadratic form is the ten /3j parameters obtained by superposition of the fields
(29) and (44) (where p is replaced by /310)' For an isotropic plate of constant rigidity D the
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elements of the additional column (and row) of the G matrix of Table 2 turn out to be

Clearly the process can be extended to cover more complicated surface load distributions.
Even in the absence of surface loads, such extended models are valuable in that they yield
additional information on the displacement field.

Should we wish to keep the simplicity of the original model and yet take surface loads
q(x, y) into account, one obvious procedure consists in replacing those surface loads by
equivalent interface loads and rely on de Saint-Venant's principle to keep the effects of this
substitution local. However the guarantee of upper deflection bounds is lost.

6. NUMERICAL RESULTS

In Ref. [7J a comprehensive numerical comparison was made between several models
of plate bending elements under various loading and boundary conditions. Some of those
results are again presented here in order to evaluate the performance obtained under
similar conditions for the present equilibrium element and the conforming quadrilateral
element of [5]. Only those elements that exhibited satisfactory convergence characteristics
were retained for comparison. In the code of [7J they are:

1. (ACM) a rectangular element developed by Adini, Clough and Melosh. It is based on
a twelve parameter transverse displacement field, containing the complete cubic field (ten
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parameters) and, in addition, the x3 y and xl terms. The generalized coordinates are the
deflections and slopes at the four vertices. Continuity ofthe normal slope along the boundary
is not secured, i.e. the element is not conforming.

2. (M) a rectangular element developed by Melosh on the basis of physical analogies
with beam bending. It is a hybrid element, neither of the displacement nor ofthe equilibrium
type.

3. (HCT) the so-called "high compatibility triangle" developed by Clough. It is a
conforming model of the spline interpolation type. The major objective was to obtain a
linear normal slope variation along each edge so that continuity of deflections and slopes
could result from an identification of deflections and slopes at the vertices of the elements
only.

4. (CQ) is our code name for the conforming quadrangular element, described earlier
[5].

5. (EQT) is our code number for the present equilibrium triangle.
6. (Z) stands for a non-conforming triangular displacement model developed by

Bazeley et ai. [8]. This model was also used as the basis of conforming ones, pursuing a
very similar objective to that of the HCT triangle. However this objective was reached
differently. Inspection of the boundary conditions in areal co-ordinates permitted the
addition of several types of correction fields, linearizing the normal slope variations. The
conforming elements appear to be considerably stiffened and their convergence character­
istics are difficult to assess from the numerical results reported.

TABLE 3. CASE 1: SQUARE PLATE-SIMPLY SUPPORTED--eONCENTRATED LOAD IN THE CENTER

N = 1 N = 2 N =4 N = 6 N = 8
Analysis

N.G.C. f3 . 103 N.G.C. f3 . 10 N.G.C. f3.10 3 N.G.C. f3.10 3 N.G.C. f3.10 3

1 Exact 11-6008 11·6008 11·6008 11·6008 11·6008
2 ACM 12 13-75 27 12-30 75 11·81 147 11·69 273 11·64
3 M 12 12·10 27 11·85 75 11·66 147 11·61 273 11·60
4 HCT 12 8·84 27 10·48 75 11·25 147 11·44 273 11-48
5 CQ 16 10·876 39 11·439 115 11·560 231 11·588
6 EQT 19 13-770 57 12·124 193 11·674 409 11·656
7 Z 12 13·02 27 11·76 75 11·65 147

N.G.C. stands for N umber of Generalized Co-ordinates.
N is the mesh size number.
fi is defined by: w, = fi(Pa'ID).

TABLE 4. CASE 2: RECTANGULAR PLATE (bla = 2)-SIMPLY SUPPORTED-CONCENTRATED LOAD IN THE CENTER

N = 1 N = 2 N =4 N = 6 N = 8
Analysis

N.G.C. f3 . 103 N.G.C. f3.10 3 N.G.C. f3 . 103 N.G.C. f3 . 103 N.G.C. f3 . 103

1 Exact 16·5239 16·5239 16·5239 16·5239 16·5239
2 ACM 12 18·487 27 17·579 75 16·919 147 16·745 273 16·656
3M 12 14·664 27 16'476 75 16·616 147 16·584 273 16·570
4 HCT 12 11·216 27 13-60 75 15·520 147 16·024 273 16·24
5 CQ 16 14·486 39 16'000 115 16·400 231 16·477
6 EQT 19 22·177 57 17-878 193 16·804 409 16·666

N.G.C. stands for Number of Generalized Co-ordinates.
N is the mesh size number.
fi is defined by: w, ~ fi(Pa'ID).
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TABLE 5. CASE 3: SQUARE PLATE-CLAMPED-CONCENTRATED LOAD IN THE CENTER

N = 1 N = 2 N = 4 N = 6 N = 8
Analysis

N.G.C. f3.10 3 N.G.C. f3 . 103 N.G.C. f3 . 103 N.G.C. f3.10 3 N.G.C. f3 . 103

1 Exact 5·605 5·605 5·605 5·605 5·605
2 ACM 12 5·919 27 6·137 75 5·807 147 5·704 273 5·671
3 M 12 4·231 27 5·736 75 5·688 147 5·653 273 5·640
4 HCT 12 1·0 27 4·2400 75 5·192 147 5-40 273 5-496
5 CQ 16 5·208 39 5·430 115 5·5708 231 5·5966
6 EQT 19 8·2565 57 6·1939 193 5·7557 409 5·6712
7 Z 12 5·21 27 5·89 75 5·72 147

N.G.C. stands for Number of Generalized Co-ordinates.
N is the mesh size number.
f3 is defined by: w, ~ f3(Pa'jD).

TABLE 6. CASE 4: RECTANGULAR PLATE (bja = 2)--cLAMPED-CONCENTRATED LOAD IN THE CENTER

N = I N = 2 N =4 N = 6 N = X
Analysis

N.G.C. f3 . 103 N.G.C. f3.10 3 N.G.C. f3 . 103 N.G.C. f3.10 3 N.G.C. f3.10 3

1 Exact 7·215 7·215 7·215 7·215 7·215
2 ACM 12 6·3923 27 7·799 75 7·5263 147 7·3928 273 7·3342
3 M 12 2·1815 27 6·7742 75 7·2312 147 7·2538 273 7·2490
4 HCT 12 1·156 27 3·9546 75 6·1415 147 6·6943 273 6·8384
5 CQ 16 5·649 39 6·681 115 7·106 231 7·179X
6 EQT 19 13-937 57 8·7392 193 7·5892 409 7·3786

N.G.C. stands for Number of Generalized Co-ordinates.
N is the mesh size number.
f3 is defined by: w, ~ f3(Pa'/D).

The comparisons were performed for a square plate and a rectangular plate of aspect
ratio 2, centrally loaded and with edges either clamped or simply supported. Symmetry
allowed the treatment to be reduced to a quarter plate. The center deflections are reported
in Tables 3-6 in the form of a dimensionless coefficient f3 defined by

PaZ
w=f3­

D

P: central load, a: size of quarter plate, D: bending rigidity. The corresponding graphs
(Figs. 7-10) are plots of

{3computed - Pexact
p.= .

f3exacl

The exact solution was computed by a Navier type series to the required four digit accuracy.
The graphs are similar to those of [7J except that the new definition of the ordinate gives a
direct estimate of percentage error and the use of the number of generalized co-ordinates
in place of a mesh number provides a better comparison of accuracy versus computer load.
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FIG. 6. Boundary conditions and idealization patterns of numerical calculations for centrally loaded

plate.

Convergence of deflections to their exact value is only one aspect of the accuracy of a
computation. Convergence of the stress field is in many cases still more important. By their
very nature, equilibrium models should be expected to yield better stress information than
displacement models. A comparison is therefore included of the computed and exact
bending moments along a symmetry axis for the simply supported square plate case. The
test is severe since the exact bending moment tends to infinity as the central load is ap­
proached.

Figure 11 illustrates the evolution of the bending moment distribution as the mesh size
of the (CQ) element is reduced. Figure 12 illustrates the same for the (EQT) element. For
clarity the exact distribution is not represented as it almost coincides with the computed
solution with the finer mesh size. It is however represented in Fig. 13 where the performance
of both models is compared for a given mesh size. The superiority of the equilibrium model
in the large stress gradient region is thereby evidenced.
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FIG. 13. Comparison of exact bending moment along y = 0 and outputs of (CQ) and (EQT) models for
given idealization patterns.

7. CONCLUSIONS

Numerical results confirm the expected monotonic convergence characteristics of the
central deflection from below for the conforming displacement elements (HCT and CQ)
and from above for the equilibrium element (EQT). In particular the gap between the
deflections of (EQT) and (CQ) constitutes a convenient quantitative estimator of the
state of convergence. It is a good illustration of the general principle of a dual analysis in
finite elements [6].
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Non-conforming and hybrid elements, such as (M) and (7), can present excellent
convergence rates, sometimes monotonic, sometimes oscillatory. However in problems
where the exact solution is not accessible, the accuracy of computations based on such
elements is more difficult to estimate since there is no guarantee of upper or lower bounds.
The approximations based on the (CQ) element are, in most cases, the best, especially for
crude idealizations; this is probably due to the additional freedom in normal slope variation
along the edges. Suppressing this additional freedom by requiring a linear variation, as in
the (HCT) triangle and conforming solutions based on the (Z) model, would probably
make the element behave as (HCT) for a small number of generalized co-ordinates. The
convergence characteristics of (EQT) are sin.i1ar to those of(HCT) but from the other side.
Furthermore (EQT) elements involve rapidly a high number of generalized displacements;
as is generally the case with equilibrium elements it would be more efficiently handled by a
Force computer program than by a Stiffness program.

Finally, both the (CQ) and the (EQT) element can provide an accurate representation
of the stress field.
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A6cTpaKT--KoH(jlopMHaH MO,nCJIb JICpCMcmcHHil: H3rH6acMoH nJIaCTHHKH npc,nCTaBJICHa paHbillC [51.
I1HTcpccHo pacnOJIaraTb TaKlKC ,npyroil. MO,nCJIblO paBHOBCCHH ,nJIH Toro, 'lT06bl 0606ll\HTb KaK BCpXHHC
TaK H HlllKHlle npc,nCJIbi 113r1l60B nJIaCTHHKH. TCOPllH MO,nCJIH paBHOBCCHH TpcxyrOJIbHIlKOB, KOTopaH
npllBo,nllTCH B ,naHHoil. pa60Te, HBJIHCTCH npocMoTpeHHblM BapHaHTOM pa60Thi [3], YKa3bIBalOll\cil.
npcBocxO,nCTBO KocoyroJlbHbIX Koop,nHHaT. 3Ta TCOPllH TaKlKC pacIllHpcHa C UCJlblO y'iCTa (jlOPM
nOnCpC'iHoil. Harpy3Kll. BBll,ny Toro, 'ITO 'lHCJIeHHbIC paC'lCTbl Tpc6YIOT npHMCHCHHH MO,nCJIll ,ll,JIli
nporpaMMHpOBaHHH MaTpllLIbI K03(jllpHHllCHTOB lKCCTKOCTH Ha BbI'lHCJIHTeJIbHhIX MaIllHHax, n03TOMY
pa60Ta HMCCT LICJIhlO onpC,ll,CJIllTb TOJIbKO MaTpHuy K03$$HLIHCHTOB lKCCTKOCTH, B COrJIaCIlH C 06ll\clt
TCXHllKOil. paC'IeTa, YKa3aHHoil: B CCblJIKC [2J, 3JlCMeHT lKC MOlKeT 6bITb TCM He Mellee onpe,ll,CJICH B
BH,ll,C aHaJlOrHIl CaYCBCJlJla [4J MO,ll,eJIH nJlOCKOrO HanplIlKCHHH C KBa):lpaTHblM nOJleM nepCMCll\CHHH,
onllcaHHbIM B CCblJIKe [2J. B TaKOH $OpMC MOlKCT 6blTb TaKlKe Y):I06HbIM ):IJlH nporpaMMHpOBaHHlI
Ha Bbl'lHCJIHTCJIb MaIllHHax.

4HCJlCHHbiC paC'ICTbl YKa3YlOT OlKH,ll,aCMYIO MOHOTOHHylO KOHBepreHI.\HIO H3rH60B C'ilUacMylO C
BePXY ):IJlH MO):lCJl.ll paBHOBeCllH H CHH3Y ):IJlH KOH$OpMHOIt MO):lCnH. CKOPOCTb KOHBcpreHI.\HH, BblpalKeHHa
nOJIHbIM '1HCJlOM 0606ll\eHHb1X KOOp):lHHaT, CpaBHHBaCTCH: C TaKHMlKC 'iHCJlOM ):IJlH ):IpyrHx 3JICMCHTOB
H3rH6acMoil: nnaCT.IlHKH.


